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Computations of quantum corrections to the CMB spectrum and to scalar field dynamics during 
inflation very often take advantage of the ” semi-classical” approach, where the metric fluctuations 
are simply omitted. On the other hand, a complete computation ought to take into account that 
the matter field perturbation and scalar metric perturbation together constitute a single physical 
degree of freedom. The question then naturally arises, in which sense the semi-classical approach 
is an approximation to the complete calculation, and whether there are specific limits where this 
is also a good approximation. We demonstrate this by explicitly computing the leading quantum 
radiative corrections to the evolution equation of the mean field ("condensate”) and the Friedmann 
equations taking into account scalar perturbations of both the matter field and the metric, and 
when omitting the latter. We find that the two agree in the limit H M p i, but one is not a limit 
of the other. We also find that in simple models of inflation, H/M p i is not small enough that the 
two approaches can be said to agree. 


I. INTRODUCTION 

The classical inflaton fielc{3, often considered in 
generic models of inflation, should ultimately be iden¬ 
tified with the expectation value (or mean field or one- 
point function) of some quantum scalar field. The dy¬ 
namics of this ’’order parameter” (whether composite 
or fundamental) is then conveniently described in terms 
of the quantum effective action, from which the effective 
equations of motion arise through variation with respect 
to the field. 

At tree level, this effective potential is the classical po¬ 
tential, and the standard text-book slow-roll treatment 
applies. This approach has been extremely successful in 
the interpretation of cosmological observations, in terms 
of different classical potentials [H-@- Beyond tree-level, 
quantum effects may however generate corrections to the 
Friedmann and scalar field equations. These can be sig¬ 
nificant, and in principle include effects from both the 
matter field fluctuations and metric perturbations. Be¬ 
cause of gauge symmetry and constraints in the theory, 
metric and field scalar perturbations together represent 
only a single physical degree of freedom, and in differ¬ 
ent gauges, different variables may for convenience be 
chosen to vanish while others do not. 

We also know that at energy scales far below the 
Planck scale, where gravity effects are a priori negligi¬ 
ble, one often simply ignores metric perturbations and 
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1 Sometimes called the inflaton "condensate”. 


proceeds to do perturbation theory in the matter field 
fluctuations only. This semi-classical approach to quan¬ 
tum corrections in curved space-time has a very long 
history, and provides an hugely popular formalism to 
compute corrections to the effective potential (such as 
recently in 0-Q), to the inflaton equation of motion 
(see for instance | K§4l7l |). and to the Friedman equa¬ 
tions (for instance [17|), by treating gravity as a classical 
background to a quantum field (for standard texts see 

ESI). 

The standard computation of the CMB spectrum tra¬ 
ditionally considers free fields, but when computing loop 
corrections to correlators, IR problems are encountered 
(divergences, secular behaviour, see for instance 0). 
We know that these are unphysical, and will in the full 
theory be removed by the generation of effective masses. 
This is reminiscent of resummations in finite tempera¬ 
ture field theory, where infrared divergences arise where 
the correct infrared physics has not been properly taken 
into account; in a sense the perturbative expansion has 
been carried out around an inappropriate vacuum (typ¬ 
ically a massless propagator). In recent years, similar 
formalisms have been adapted to quantum fields in the 
context of inflation, and the IR problems were seen to 
indeed be unphysical and manageable (see for instance 
fT5 - fl7l I 2 TM 27 I ). Most of these calculations were carried 
out in the semi-classical approach, where ambiguities 
around renormalisation can be readily resolved. 

If one were to include metric perturbations, it is possi¬ 
ble that the perturbative non-renormalizability of grav¬ 
ity would jeopardise the resummed computation. If one 
could establish the semi-classical computation as a well- 
defined approximation to the metric-included compu- 



tation (rather than an ad hoc approach), completely 
resummed and consistently renormalised semi-classical 
computations could be performed within the window of 
validity and directly used to describe the metric-included 
theory. 

Our aim in this paper is to compute the quantum cor¬ 
rected Friedmann and scalar field equations in both the 
semi-classical approach and when including the scalar 
metric perturbations from first principles, and show to 
what extent the former is an approximation to the latter. 
We emphasize that our immediate goal is not to reveal 
particular models that exhibit very large or observation- 
ally significant quantum corrections. We are concerned 
with establishing the relation between the complete re¬ 
sult and the semi-classical one. This may guide future 
considerations as to whether a given model is amenable 
to a semi-classical treatment. As an aside, to our knowl¬ 
edge computing the complete leading corrections to both 
the Friedmann and the scalar mean field equations has 
not been done before. 


A. ” Semi-classical” 

The label ” semi-classical” has many uses in different 
areas of physics; we will adopt a specific terminology, 
designed to hopefully prevent confusion: 

• The semi-classical limit, will be to take H/M p \ —> 
0, where M p \ is the Planck mass, and H is the 
Hubble rate which determines the typical scale of 
matter field fluctuations in an inflationary back¬ 
ground. This encodes the weakness of quantum 
gravity effects, and the rate of change of field mode 
frequencies and hence also adiabaticity. This is the 
ratio that is expected to suppress gravitational cor¬ 
rections relative to non-gravitational effects. 

• The semi-classical approach (SC) is in our ter¬ 
minology the choice of treating gravitational de¬ 
grees of freedom classically (no fluctuations), and 
matter held degrees of freedom quantum mechani¬ 
cally. It is a priori distinct from the senri-classical 
limit. The senri-classical approach also involves 
that for the Friedmann equations, one should take 
quantum expectation values of held correlators in 
the components of the energy momentum tensor, 
while leaving the background (FRW) metric un¬ 
perturbed and classical. 

• Closely related to the senri-classical limit is H/k 

0 , where k is the momentum of a given held mode. 
These are the very sub-horizon modes at any given 
time, and are adiabatic since H uik- We will not 
give this limit a separate name. 


• The alternative to all of these is to neither use 
the semi-classical approach nor the senri-classical 
limit. This is then the complete quantum calcula¬ 
tion involving fluctuations both in the matter helds 
and in the metric degrees of freedom. 

In broad terms, our task is then to investigate whether 
the senri-classical approach is in some way the semi- 
classical limit of the complete calculation, and quantify 
its range of validity. 

The structure of the paper is as follows: In section 
El we set our notation by deriving the tree level equa¬ 
tions, specialising to Newtonian gauge. In section IIII1 
we quantise the constrained system of fluctuation equa¬ 
tions, to leading order in slow-roll and compute a set 
of two-point vacuum correlators that will enter in the 
quantum corrected evolution equations. In section II VI 
we derive these equations. In section 0 we derive the 
analog equations in the senri-classical approach and dis¬ 
cuss to what extent this approach can be seen as a limit 
of the complete calculation. For a particular set of mod¬ 
els, we in section El compute the actual magnitude of 
the quantum corrections. We conclude in section IVIII 
A number of details are relegated to a series of short 
appendices (lAllF|) . 


II. FIELD DYNAMICS IN NEWTONIAN 
GAUGE 


We consider a single real, self interacting quantum 
scalar field (f> evolving in a fluctuating background metric 
close to a flat FRW Universe g We can then write 
in a homogeneous state 

<i>( x ) = +<tyCM), (!) 

9nv (^O = 9nv{t) H - i/( x ? (2) 


with 


s 9, 


fiu — u — a 


2 A ~B,i 

—B ti 2(ip6ij - E ti j) _ ’ 


( 3 ) 


and where a{t) is the FRW scale factor, (j) = {(j>) is the 
mean field (or ’’classical” field), <50 is the field pertur¬ 
bation and A, B, E and if) provide a parametrisation of 
the scalar degrees of freedom of the metric. Only one 
of these five degrees of freedom is physical. The rest 
can be removed by applying a gauge choice (two) and 
constraints arising from the action (two more). 

The action is 





( 4 ) 


2 








where M 2 , = (87rG) _1 , g is the determinant of the met¬ 
ric, R is the Ricci scalar and C$ is the Lagrangian den¬ 
sity of the scalar field, which we will specify in the fol¬ 
lowing to be of the form 

^ = \d^d^-V{^\ (5) 

for some potential function V[(j)}. 

We may then insert (ID ff. into the action and keep 
terms to zeroth, first and second order in the fluctua¬ 
tions, so that 

S = S (0) + S (1) + S (2) + G(A 3 ) = S s + S 4 , + Q{ A 3 ), 

( 6 ) 


where A denotes jointly {Sep, A, B, E, ip}. We find it 
convenient to use the Newtonian gauge 

E = B = 0, (7) 

leaving only the A, ip and Sep variables. The explicit 
expressions for '' 2> in the Newtonian gauge are found 
in Appendix 1X1 We adopt conformal time rj , dt = a{rj)dr /, 
derivatives denoted by '. 

In order to derive the equations of motion for 
the gravitational field involving the mean metric g 
(parametrized by the scale factor a{rf) for a flat FRW 
Universe) and the fluctuation 6 g^ (parametrized by A, 
ip) we first take a variation of the gauge un-fixed action 
d2D with respect to the full metric g^ to obtain the Ein¬ 
stein equations. We then expand these to second order 
in fluctuations A in Newtonian gauge, and finally take 
the quantum expectation value to extract the equations 
of motion for the fluctuations and the mean fields, given 
below by Eqs. (U3H16I) and (I60HG1D . respectively. A direct 
variation of the gauge-fixed action (1A11IA9I) with respect 
to a, A and ip would give an incorrect result for the 
equations of motion. 

On the other hand, the corresponding equations of 
motion for the scalar field fluctuation Sep and the mean 
field ep, given below by Eqs. ED and (1581) . respectively, 
can be derived either by a direct variation of the gauge- 
fixed action (1A1I1A9D with respect to Sep and ep, or by 
a variation of the gauge un-fixed action JTJ and subse¬ 
quently fixing the gauge and taking the quantum ex¬ 
pectation value. The reason why both procedures work, 
i.e. gauge fixing and variation of action commute, for 
the scalar field but not for the gravitational field is that 
the gauge fixing condition (ED involves the gravitational 
degrees of freedom E and B but not the scalar field cp. 
Further details on the derivation of the equations of mo¬ 
tion are presented in Appendix [Bl 


A. Classical equations of motion: Tree level 


At tree level, all the fluctuations Sep , A, B , E, ip are 
set to zero. Variation of So gives us the classical or tree 
level field equation of motion and Friedmann equations. 


0 = 0"+ 2 Hfi + V,S\, ( 8 ) 

3 M 2 {H 2 = ^ ,2 + a 2 V[4>], (9) 

3M 2 {U' = -ft 2 + a 2 V[ep], (10) 


where we have defined the ” conformal” Hubble rate H = 
a'/a = aH. The task is to find the quantum corrected 
versions of (IHlflOl) . 

The tree level equations form the basis of the slow-roll 
expansion (SR), where defining 


B_ 

H 2 ~ H 2 ’ 


S = 


Hep UeP' 


( 11 ) 


we have 

H = ~(l + e)+0(e 2 ), eH 2 = ^ T = HeGfi 2 . 
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( 12 ) 


For the more general quantum corrected mean field and 
Friedmann equations, standard slow-roll manipulations 
are not exact, and these definitions are only approxi¬ 
mately applicable. We will however adopt them in the 
following, and rank terms in powers of e and S. 


III. FLUCTUATIONS 

We now return to the action + S^ ©■ 

By variation w.r.t. the metric, and inserting the tree 
level relations (ISl fTUl) , we find for the first order Einstein 
equations 

V 2 ip-3H{ip'+ HA) (13) 

= 47 TG(—Aep' 2 + a 2 V yt j,Sep + ep’ Sep’), 
ip"+ {H 2 + 2H')A + H{A'+ 2ip') (14) 

= —47tG (Aep' 2 + a 2 V y< j,Sep — ep'Sep 1 ), 
ip 1 +HA = AirGep'Sep, (15) 

A = ip. (16) 

The last equation follows in Newtonian gauge from as¬ 
suming the absence of anisotropic stress (see Appendix 
ITU) . When including the equation of motion for the scalar 
field fluctuations, 

Sep" + 2 %5ep' - V 2 <^ + a 2 V M 8eP 

= Aep'A' + {Aep" + AH0' - 2 Vj)A, 

’ ( 17 ) 
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one of the equations becomes redundant. Quantizing a 
constrained system is a standard procedure, in terms of 
the canonical momenta 




n 


11 = 


dC 

dpd 

dC 

d( 8 (p') 


3 a 2 
'4 ttG 


W + H(A + ip )], 


(18) 

(19) 


-=a 2 [5cP'-^(A + 3^-1)], (20) 


Eq. (fTSl) is a primary constraint for the (auxiliary) field 
A , while the corresponding equation of motion (fTSl) pro¬ 
vides a secondary constraint. Eqs. mm provide two 
additional constraints, so in total we have four con¬ 
straints for the canonical variables ip , A, Sep and their 
conjugate momenta: 


Xi = 0, * = !,■•■, 4, (21) 

with 

Xi =1Ia, (22) 

X 2 =V 2 ip + 3 H'ip- 

47 tG (a 2 V^5ep + a~ 2 4>' H s<t> - a~ 2 n - p' 2 ) , (23) 

X 3 =Bip + 4?r G^ep'Sep + 7 -^ II,/, ), (24) 

Xi=A -ip, (25) 

where we have used the zeroth order background equa¬ 
tions and Eqs. (in m to solve the time-derivatives for 
the canonical momenta. This leaves 6-4 = 2 variables 
or one physical degree of freedom, as expected. 


A. Constrained quantisation 

The auxiliary field A and its conjugate momentum 
TIa can be readily solved for by using the constraints xi 
and X 4 - The remaining constraints X 2 and X 3 are of the 
second class since their Poisson bracket [x 2 ,X 3 ].p does 
not vanish. To quantize the variables ip and Sep subject 
to second class constraints x' 2,3 we define the constraint 
matrix: 

Cmn = [Xm? X^]-P , ^77., 71 = 2,3, (26) 

and the Dirac brackets: 

[A,B] d = [A,B]p - [AXm]p{C- l ) mn [ X n,B} P , 

m,n= 2,3 

(27) 

where the standard Poisson bracket is defined as (ip a = 
{ip,5(p}) 

/ dA dB dB dA 
P ^ V 9ipa du^ a dipa dn^ 



The equal-time commutation relations of quantized vari¬ 
ables are then given by: 

[A,B] = i[A,B] D . (29) 

The resulting commutation relations for ip, Sip and their 
conjugate momenta II,/,, II^ are presented in Appendix 
El By using the relations (HI EH we can solve for the 
conjugate momenta in terms of time derivatives to find 

[i/>(x), ^(y)] = [$0(x), Sep(y)] = 0, (30) 

[V>(x),V>'(y)] = £ 3 (x - y), (31) 

a 'I X 

[8<p(x),5(p'( y)] = ^ ^1 + ) <^ 3 ( x - y), (32) 

where we have suppressed the (equal) time arguments 
of the fields. Remembering Eq. ED, we see that the 
usual flat-space commutation relation is recovered from 
Eq. (15^1) in the e —> 0 limit, as well as for modes well 
within the horizon %/|k| —7 0. The e —> 0 limit is 
singular in the sense that m vanishes. 

This procedure and the commutation relations m 
EED are consistent with treating ip as the only dynamical 
d.o.f. while Sep and A are expressed in terms of ip us¬ 
ing the constraints (1151 1161) . In this way the dynamical 
equations HIED can be written as: 

ip" - x/ 2 ip + 2 (n - ^ ip' + 2 (u' - t-nj ip = o. 

(33) 

We note that by substitution or in other gauges, the 
variable Sep or A may appear with a second time deriva¬ 
tive, and hence be the dynamical variable (and indeed, 
ip = A here). In the present case, however, the mode 
equations are simplest in terms of ip. 


B. Mode functions 


The field ip can be decomposed in terms of the mode 
functions fk(y) as 


tp(r], 7 c) = 


d 3 k 

(2^ 


flk/k^e 1 x + </k(?7)e” 


(34) 


where the creation and annihilation operators satisfy the 
standard commutation relations 
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[a k , a k '] = [a k , a k /] = 0, [a k , a[,] = (27r) 3 <5 3 (k - k'), 

(35) 











and the mode functions satisfy the equation 

/k + 2 (n - ip) /£ + 2 (V - h + |k| 2 /k = 0, 

(36) 

as well as the Wronskian which fixes the normalizatior@ 

hiv)fk(v) - /kW/kW = * ) > ( 37 ) 

in order to accommodate the equal-time commutation 
relations (ED). Using Eq. ED the mode equation (15S1) 
can be written to first order in the slow-roll expansion 
as 


/k - -/k 

V 


^^ + |k| 2 

r\ A 


/k = 0, (38) 


with the solution satisfying the constraint (l37| given 
fne T~L 


h(v) = 


8 M p a |k| 


(-7 


is = i\/l + 8e - 46 « ^ + 2e - 5. (39) 


C. Vacuum correlators 


(V’VV) are presented in Appendix [E] The results are 
given by 


Co = <^ 2 > = 


eH 2 


8Tr 2 M 2 a 2 


1 1 

- - + log 2 + 7 e x 


2(<5 — 2 e) 2 


1 ~ A 2 r 4e ) + l°g A uv 


(41) 


C 2 = -(ipV 2 ip) = 


eH 2 


167 r 2 M 2 a 2 


( -v) 


-2 


A 2 

A uv 


- (d - 2 e) log A uv - A 2 R 




(42) 


c 4 = (v>vV) = 


eH 2 


32t r 2 M 2 a 2 


(— 77 ) A uv — (6 — 2e)A uv 


+ y^(<5 - 2 e ) 2 (2 + 5 - 2 e ) 2 log A uv - Aj R 
+ ... , (43) 


where we have neglected the (finite) terms of order 
0(e,S) and higheiQ while the positive powers of the IR 
cutoff Air <C 1 will be neglected below. The other two- 
point correlators of relevance involving derivatives of the 
fields can be related to the expressions (141H43I) by us¬ 
ing the mode equation ED- The resulting relations are 
given by Eqs. (1C2|> . 


In the scale factor and mean field equations, the quan¬ 
tum corrections will appear in terms of two-point cor¬ 
relators, with up to four time- or spatial derivatives. 
Having solved for the quantum slow-roll vacuum mode 
functions ED- these can now be computed explicitly. 
Using Eqs. El ED we get for the loop contribution in 
the vacuum state: 




d 3 k 

(2^)3 


l/kl 2 


eH 2 

167 T M 2 a 2 



dx\H (2 \-x )| 2 , 
(40) 


where we use (constant) UV cutoff Auv for the physical 
momenta: k/a = —kHij < Auv such that x = —hr] < 
Au v/H = Auv and a similar IR cutoff Air , which is 
related to the duration of inflation below. The details 
of evaluating the loop integrals for (t/;V 2 7 />) and 


D. IR cutoff and the duration of inflation 

We will now briefly discuss how the IR cutoff Air can 
be related to the duration of inflation. A natural pre¬ 
scription, following [2l]| , is to set the IR cutoff such that 
the modes that were superhorizon already at the begin¬ 
ning of the inflation (and hence throughout inflation) 
do not contribute to the loop integrals. This means that 
the comoving momenta are cut off by the initial Hubble 
radius: 


k ^ U{ n Hi n , 

which leads to x > Air with 

A O>inddin 
TR = 


aH(l — e) 
For approximately constant e, we And 


CL — CL\r\C 


N 


H = H\r,e 


-eN 


(44) 

(45) 

(46) 


2 Note that the scaled mode functions /k = a|k|/(47rG^ / )/k sat¬ 
isfy the standard Wronskian ficfy? — /£/£ = ®• 

3 We neglect the time-dependence of the slow-roll parameters e 4 For the UV divergences we formally keep also higher order terms 

and S , which is parametrically second order in slow roll. in e and 5, which can be computed reliably. 
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where 


to find 



dt'H(t '), 


(47) 


C 0 


eH 2 

87r 2 Mpja 2 


N e S , 


(54) 


is the number of e-foldings from the beginning of the 
inflation. Using these expressions we now get for the 
cutoff in (H5l) 


A m = J—e~^ N , (48) 

1 — e 

such that the logarithm of Air <C 1 is approximately 
given by 


where 


N eS = 


1 


26 -4e 


1 — e 


A, 

As at j 

N sat e N / N ^ 


—(2<5-4e)| log Air|^ 

A < iV sa t , 
A > N sat , 
A > A sat , 


6 > 2 e, 

5 < 2 e. 

(55) 


| log Air| « (1 - e)A. (49) 


E. Renormalization and IR behaviour 


The correlators Co, 2,4 are UV-divergent, and in or¬ 
der to have sensible equations of motion, we need to 
introduce a renormalisation prescription. We have used 
a simple cut-off regularisation which explicitly breaks 
Lorentz symmetry, and ideally one would wish to redo 
the computation in a general number of spatial dimen¬ 
sions, making use of dimensional regularisation. In that 
case, renormalisation may be recast in terms of coun¬ 
terterms for invariant operators i?, R 2 , R^R^ V (see 
for instance [1, @)- For our purposes here, it will be 
sufficient to adopt a MS-like prescription, whereby all 
UV-divergent terms are subtracted and hence can be 
discarded in the following. 

Doing this, and keeping in addition only terms to lead¬ 
ing order in slow-roll, we find 


C ° 167r 2 M 2 1 a 2 (<5 - 2e) (* + 

° 2= ~1 ^M^2 A iR- 0 ’ 

r - en6 W n 
C4 "~32t r 2 M p > 2AlR - U ’ 


(50) 

(51) 

(52) 


where for Co we have written down only the dominant 
contribution in the slow roll expansion. Co involves a 
logarithmic IR divergence in the limit Air —> 0, while 
the positive powers of Air in C 2 and C 4 give negligible 
contributions for very small cutoff (Air <C 1). When 
the logarithm of Air is related to number of e-foldings 
via m, we that Co can be expanded in two limits: 
A A sat and A » A sat , with 


We see that the loop contribution Co grows linearly for 
small N and after N ~ N sat e-foldings it either saturates 
to a value proportional to N sat for 6 > 2e or grows expo¬ 
nentially for large N in the case of 6 < 2e signalling the 
breakdown of perturbative loop expansion and calling 
for non-perturbative resummation. The behavior of the 
loop contributions with linear growth and subsequent 
saturation as a function of N is in qualitative agreement 
with similar studies using the non-perturbative stochas¬ 
tic approximation [II], Qjl, H3, HE HE , although for the 
latter the expression of N sat depends on the model and 
interactions. 

Moreover, we can relate the denominator in (153H55[) to 
the scalar spectral index at the horizon crossing, defined 
below in (1M1) . to get: 

26 — 4:6 = —6m — 6e = n s — 1, (56) 

O 

and therefore we see that for the observed spectral in¬ 
dex at K = 0.05 Mpc -1 [30|: n s = 0.9655 ± 0.0062 (68% 
CL, Planck TT + lowP), 6 < 2e and hence for realistic 
inflationary parameters the perturbative expansion in¬ 
deed appears to break down for large N > N sat . Below 
in Section El we estimate the size of quantum radia¬ 
tive corrections for realistic inflation models by assum¬ 
ing that the true non-perturbative saturation value for 
N e ff would be of order N sat . 

As we will see below, also derivatives of the loop 
contributions with respect to conformal time enter the 
quantum corrected equations of motion, but we have to 
leading order in slow-roll 

dr, Co = d 2 Co = d v c 2 = d 2 C 2 = 0 + 0(e 2 ). (57) 

IV. QUANTUM CORRECTED EQUATIONS OF 
MOTION 


A sa t 


1 

\26 — 4e| ’ 


(53) 


The derivation of the quantum corrected equations of 
motion is discussed in detail in Appendix B. For the 
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mean field 4> we find the evolution equation 


1 


,d rl C< 


TL 


d 2 C 0 


1 + 7 ( ( 8 + 6e)C 0 + + 2 ~y2~ + 4 ^§ 


+2 U<j! 


1 H— ( (—4 — 5m H - 10(5) Co 


— ■^(5m + 6 — 2e — 145) ^ 


^-(1-2 <5)^° 


"H 2 


^2 0 ^6 2 
H 2 H 3 


+ a 2 y 0 [1 - 2C 0 ] = 


K 2 

——a 


(1 - 2 e + 2c5)6 0 

d v Co 


+(1 + + o 


15 2 C 0 


"H ' 2 H 2 

We have introduced the quantity 

f _ a 2 v;^[^] 

<5m = —— - 3(o + e), 


(58) 


(59) 


order in slow-roll, and inserting these consistently, we 
would have to discard all terms of higher order also in 
the resulting equations of motion. We will do so explic¬ 
itly below, but since all the correlators have an overall 
factor of eh/ 2 /M 2 , the leading term will be of the type 
C 0 /e. 

What is also important to note, is that we should not 
expect this computation in Newtonian gauge to agree 
with computations in other gauges. The mode functions 
and therefore 60 , 2,4 will also be different in different cal¬ 
culations, and only when inserting these should the re¬ 
sults agree. 


A. Leading order in slow-roll 

To leading order in slow-roll the correlators (0(e,6)) 
combine with the equations of motion to give quantum 
corrections at 0(1). We have for the Friedmann equa¬ 
tions 


where the last relation is correct at leading order in SR. 
We may therefore take 5m to be small whenever the SR 
parameters are. Similarly, we have the quantum cor¬ 
rected Friedmann equations 


3M 2 {H 2 = 


l? 

2 


2 vm 


Mp{H 


- 12eC n - - 


3 d/C 0 


2 n 2 


y 'n 2 y n 3 2 n 4 n 4 


~\~5m ( (1 — 2 e + 26)Co + (1 + 5) 


d n C 0 1 d 2 C 0 C 2 


Jri'-' 0 


+ 


2 U 2 


n 2 


(60) 


3 M 2 1 %' = [M' 2 + a 2 V[0}] - 


Mp{H 


( 12 e — 85)Co 


+(10e - 85)^ + (3 - 86)^ + (4 - 12c + 4 6)^ 


—5m ( (1 — 2 e + 25)Co + (1 + 5) 


dr, C 0 1 dlCo C 2 


n 


+ 


2 n 2 n 2 


(61) 


As advertised, all the quantum corrections are in terms 
of the correlators considered in section uni and com¬ 
puted in Appendices [Cl and El It is clear that removing 
all the correlators, we recover the classical result from 
section III Al We have introduced the slow-roll parame¬ 
ters wherever possible, keeping the lowest and next-to- 
lowest order in slow-roll. Given a general solution to 
the mode functions, to whatever order of interest, the 
correlators Co, 2,4 can now be inserted. The mode func¬ 
tions we found in section IIII Bl are only accurate to first 


3 M 2 {H 2 = 


-V 2 + a 2 V[j>\ 


M 2 U 2 U) 

——— (5 m — 12 e) 6 o , (62) 


3M 2 {H' = [-ft 2 + a 2 R [</>]] + 


M 2 {H 


-(5 m — 12 e + 86) Cq, 
(63) 


1 + 


8C, 


-(<9 


-2 n 


1 - 


46, 


-(e) 


/>' + a 2 V^ 


M 2 

—^^a 2 V, H S\- (64) 


where the (e) indicates keeping only leading order in 
slow-roll. Inserting the explicit expressions for the cor¬ 
relators, we find 


3M 2 {H 2 



n 2 {6 m - 12 e)N eS 
M 2 j 247r 2 a 2 


3 



H 2 (. 5 m - 12e + 8 5)N eS 
M 2 ! 247r 2 a 2 


\fl 2 + a 2 V[(t>] , 

(65) 

[-$ 2 + a 2 V [$\], 

( 66 ) 


and 



TC 2 iVeffl 

M 2 7 r 2 a 2 _ 


<f>"+2'H 



H z 4N r „ 

MT 8k 2 a 2 

Pi 


4>’ + a 2 V^ 



(67) 


We saw that 5m is really a slow-roll parameter, and so 
to leading order in SR (1551) reduces to the tree-level ex¬ 
pression, whereas (1551) does not. Both agree with the 
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tree-level expression in the semi-classical limit H <C M p j. 
The field equation (l67l) has corrections on the LHS that 
vanish in the semi-classical limit ; and a correction on 
the RHS that survives in both the semi-classical and SR 
limits. 

In the strict sense of slow-roll, cp" is sub-leading in the 
field equation and {(j)') 2 is sub-leading in the Friedmann 
equations, and should be discarded at this order. On the 
other hand, one may adopt the view that only quantum 
corrections should be truncated in slow-roll because the 
modes are, and they are small corrections to the full 
field/Friedmann equations. 


V. THE SEMI-CLASSICAL APPROACH 


strained, the commutation relations are simply 

-^[^(x),n 50 (y)] = [84>(x), 54>' (y)] = <5 3 (x-y), 

(72) 


and 


[a k , a k /] = (27r) 3 i5 3 (k - Id), (73) 


with all other commutators vanishing. This is indeed 
the e —> 0 or %/|k| — > 0 limit of (15^1) . Using a similar 
definition to Eg. (1511) 


5</>(t?,x) 


d 3 k 
(2 tt ) 3 a 


a k h k (??)e lkx 


KK 


M 


ik-: 


(74) 


Our aim is to make the connection to the semi- 
classical approach, which we therefore present here. The 
prescription of semi-classical gravity is to treat gravi¬ 
tational degrees of freedom classically (no fluctuations) 
and the matter field(s) quantum mechanically (with 
fluctuations) in the induced curved spacetime. This 
amounts to explicitly setting A = ip = B = E = 0 from 
the beginning, while retaining S(f> as non-zero. As men¬ 
tioned, this is in principle ambiguous, since by a gauge 
transformation, the four gravitational variables mix with 
8(p. 

But following the semi-classical reasoning, taking the 
expectation value of the field operator and truncating at 
some order in connected correlators gives an approxima¬ 
tion to the full field dynamics. We find, in the analogous 
1-loop truncation as for the complete calculation 

3 M 2 p {H 2 = l -$ 2 + l -(8cj>' 2 ) + i((V^) 2 ) 

+a 2 V$\ + ^V^jiScp 2 ), (68) 

3 M 2 {U' = ~fi 2 - W 2 ) + 

a 2 V[4>\ + \a 2 V H m^), ( 69 ) 

0 = (f>" A 2 'Hep' + a~V jt p[(l)\ + —a~V ( f >( f >( f > [(j)\(5(j) 2 ). 

(70) 

There is a separate equation for the quantum mode func¬ 
tions, 


The Wronskian obeys the familiar 


hkMKM - KMKM = i, 


(75) 


and the mode equation reduces to 


KM + 



W + \k\ 2 +a 2 V u [j>] 


= 0. 


(76) 


Inserting again "H = —(1 + e)/rj and e = 1 — %'/'H 2 1 and 
taking again 8 m (I59p to be small and constant, we have 
the equation to leading order in slow-roll 


KM 



3e + 8m 


rf 



h k (v) = 0. 


(77) 


The solution is 


hkM = 

v=\\j l + ^~ 5 M)^\ + e- 5 -f. (78) 


The Co ,2 correlators can be computed analogously to 
Section ITlI Cl (see Appendix [Eli and we present the result 
in Appendix [F] Ignoring UV divergences and keeping 
only leading order in slow-roll we have 

Co = W 2 > = 

C, = ((VS4.fi = - 0. (79) 

We have defined 


<50 k + 2'H8(j) k + |k| + a 2 V^lcp] 8(f> k — 0, (71) 


atSC _ 
JV eff — 


2(6m/3 - e) 


]_ _ g—2(<5 m/3— e)| log Air| 


which is identical to (the Fourier transform of) Eq. (1171) 

r n, 

N < A sat , 


for ip = A = 0. 

~ { Wat, 

N > Wat , 

Sm > 3e, (80) 

The quantisation of the fluctuations is no longer con- 

( N sat e N / N ^ , 

N > Wat , 

8m < 3e, 


















with 


N sc / =---. 

sat 2 |i5m/ 3 — e| 


(81) 


We then find 

d v C 0 d 2 C 0 

n ~ U 2 


— 2e + 


drjN!l\ 

HNSC) 


C 0 =(-2e + OC 0 , 


(82) 


where we have taken £ to be first order in SR, and 
to be of higher order. The equations of motion are given 
by 

3M 2 {H 2 = ^4>' 2 + a 2 V[/j>\ 


U 2 r 

'"4 


^ + 2^r + 4 <5MC° + 4 ^ 


(83) 


2 - 27 ' _ ,/.'2 , 

&,a 


3 M 2 {H' = -<t)' 2 + a 2 V[(j)] 


t^ + 2 ^ + 6mCo + 2 W 


0 — </>' + 2 T~L(j)' + a I/^[</>] + — a 


(84) 

(85) 


N e g = IVgg? = IV and hence the corresponding quantum 
corrections agree with the results of the full calculation. 

We conclude that the two calculations agree in the 
strict semi-classical limit: H/M p \ —> 0 in the perturba¬ 
tive regime TV -C IV sat , but that the leading corrections 
in H 2 /Mpj do not agree, and the leading corrections in 
SR also not. 

In the strict semi-classical limit, the Friedmann equa¬ 
tions reduce to the tree-level ones, and the field equa¬ 
tion is simply ( 1551 ) . We note that this is simply the 
’’Hartree” term, where we have inserted the (not Hartree 
resummed) slow-roll modes into the correlator, giving 
the leading H 2 behaviour. Hence, during and shortly 
after inflation, the leading quantum correction is not the 
Minkowski space vacuum contribution, as sometimes ad¬ 
vocated in the literature. 

The SC equations of motion (I86H88I) are found to 
agree with the 1PI results of 0 up to a finite renor¬ 
malization, since in the saturated regime we can write 
(2 S M - 3 e)N*° = 6 M N*g + 3/2 and (6 M - 6e)N^ t = 
—Sm^si L? + 3 hr the Friedman equations (H3E3 , respec¬ 
tively, and further absorb the constants 3/2 and 3 (times 
U 4 ) into the counter terms of the higher order gravity 
operator^ as discussed in na¬ 


vi. MAGNITUDE OF RADIATIVE 
CORRECTIONS: EXAMPLES 


Finally, inserting the explicitly leading terms in slow-roll 
Eqs. ( 17911571 ) , we find 

= l,4>' 2 + a 2 V[$\, 

( 86 ) 

= -^ + a 2 V[^\, 

(87) 

-l y2 jySC 

+ a 2 VS] = ~ c 2f a \uM- 

oir a 

( 88 ) 

Comparing directly with EEB fcTl) . we see that the 
Friedmann equations again have corrections on the LHS, 
similar to but not identical to the complete calculation. 

However, these correction are again suppressed in the 
semi-classical limit H -C M p \. Conversely, for the field 
equation the corrections on the LHS present in (1671) are 
absent in the semi-classical approach. But the correc¬ 
tion on the RHS is of the same form. Moreover, since by 
relation ( 1591 ) 5 — 2e ~ 8m /3 — 3e we find that the satura¬ 
tion values ./V sa t and N ^ do not in general agree, how¬ 
ever, in the perturbative regime N -C IV sat we see that 


3 M 2 {H' 


1 + 


U 2 {8m - 6e + Z£)N% 


M 2 


24ir 2 a 2 


3M 2 {H 2 


1 - 


n 2 {28 M -3e+^)N^ 


M 2 


24TT 2 a 2 


In this section we estimate the magnitude of quantum 
radiative corrections in the mean field equation ( 1671 ) for 
a couple of popular single-field inflation models. 


A. Large-field monomial inflation 

Let us first consider the case 

vy>] = (89) 

with <j> slow-rolling from an initial condition <j> M p \. 
In the slow roll limit we may neglect the second time- 
derivative in the mean field equation ( 1971 ) to get 

<t>' + a 2 V^ = - ^^2 a2 V^uW\- 

(90) 


2H 


1 - 


n 2 N e g 


M 2 , 2n 2 a 2 


5 In dimensional regularization where the counter terms of gravity 
operators can be chosen covariantly these involve R 2 , Tt isu 
and R pvpa Rp Vp „. 
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By assuming that the quantum corrections are small 
we may solve m iteratively to zeroth order: <j>' = 
—a 2 V < i ) /(2'H) 1 and plug this back to the first order (in 
quantum corrections) term on the LHS of (19(1 to geo 


2 Utf + a 2 V 0 


r n 2 N eS j > 2 

6 • 27T 2 a 2 M 2 


n 2 N eS 

87r 2 a 2 


a 2 X(j). 


(91) 


We see that the non-SC quantum correction term (first 
term on the RHS) is related to the SC term by the factor: 


2 4> 2 
3M 2 


16 

3e 


y(7V e + l)~10 2 - 10 3 , 


(92) 


where W denotes the number of e-foldings from the end 
of inflation. So we find, rather surprisingly, that for 
</> 4 inflation the non-SC quantum correction appears to 
be dominant in comparison to the SC quantum correc¬ 
tion. Apparently during inflation the semi-classical limit 
H/M p \ <C 1 is not sufficiently realised. 

Moreover, based on Eqs. (1551 l56l) . we find that for a 
realistic value of the scalar spectral index, n s < 1, in¬ 
cluding the metric perturbations the quantum radiative 
corrections would grow exponentially large for N Wat, 
signalling the breakdown of perturbative expansion for 
N > Wat 0- Assuming that the true non-perturbative 
saturation value for Wff would be of order Wat ~ W, 
we can estimate the relative size of the quantum cor¬ 
rections by comparing the (dominant) correction term 
inside the square brackets on the LHS of (1901) to unity 
to find an upper limit 


T~L 2 Wff 

Mp, 27r 2 a 2 


4AW 3 

37T 2 


< 10 5 A 


10 


-7 


(93) 


i.e. even the saturated value of the IR enhanced quan¬ 
tum correction would be negligibly small compared to 
the tree-level terms in the mean field equation. In the 
last relation in (1931) , we have used a typical value for the 
self-coupling consistent with the CMB. 


B. Small-field inflation 


Consider instead a hill-top small-field inflation model: 




(94) 


6 Corrections to this iterative manipulation of the mean field 
equation IMl would be of second order in slow roll and quantum 
corrections. 

7 In the SC, there is no such breakdown as Sm /3 — e > 0; but the 
non-SC correction is then absent. 


with the understanding that 4> = 0 initially, and subse¬ 
quently slow-rolls to the bottom of the potential deter¬ 
mined by the higher order terms. Following the above 
steps we find that the non-SC correction in the mean 
field equation (1971) is related to the SC correction by the 
same factor: 

3 ^«i, for n<^M p , (95) 

which, however, is small in this case and hence the SC 
correction dominates over the non-SC correction, as ex¬ 
pected for a small-field inflation model. As before, for a 
realistic value n s < 1 the perturbative expansion breaks 
for N > Wat- If we again assume for the true non- 
perturbative saturation value Wff ~ Wat ~ W, we find 
for the relative size of the dominant SC quantum cor¬ 
rection in comparison to tree-level terms: 


n 2 6Wff < 9W 

(j> 2 87 r 2 a 2 ~ 4W 


(96) 


where A s denotes the amplitude of the primordial scalar 
perturbations in CMB, with ss 2.22 x 10 -9 for 
fc* = 0.05 MpcW We find that in this case the quan¬ 
tum radiative corrections are even smaller than for the 
previous large-field example, and so although the semi- 
classical limit is enforced and a SC computation is valid, 
the resulting corrections are negligible. 


C. Exponential inflation 


Finally, consider the following exponential potential: 


vy>] 


AM 4 

4£ 2 


1 — exp 


2</> \ 

V6M pl ) 


2 


(97) 


corresponding to Higgs inflation in the Einstein frame 
j3l] ]. Following the above steps we now find that the 
non-SC quantum correction in the mean field equation 
(|97|) is larger by a factor of 6 compared to the SC cor¬ 
rection term. Again, for a realistic value n s < 1 the 
perturbative expansion breaks for N > Wat, and assum¬ 
ing that for the true non-perturbative saturation value 
Wff ~ Wat ~ W, we now find for the relative size of 
the dominant non-SC quantum correction: 


n 2 Wff ^ aw 

M 2 j 2t r 2 a 2 ~ 24tt 2 £ 2 


(98) 


where we have used f ~ dTOOO-x/A following from the 
CMB normalization. Again we find that even the fully 
saturated radiative corrections are tiny in comparison to 
tree level contributions. 
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VII. DISCUSSION AND CONCLUSION 

In the standard calculation, the evolution of the back¬ 
ground cosmological degrees of freedom H and cp deter¬ 
mine the spectrum of density perturbations through the 
slow-roll parameters at horizon exit. To leading order in 
slow roll the scalar spectral index and tensor-to-scalar 
ratio are given by 

n s = 1 - 6e + ^Sm , r=16e, (99) 

respectively. At the level of our approximation 
(quadratic action in fluctuations) the quantum radiative 
corrections are accounted for in the mean field and Fried¬ 
mann equations but not in the mode functions, or more 
generally, in the 2-point functions. Therefore, in this 
approximation, the expressions for the power spectra do 
not involve explicit quantum corrections and Eq. (l99l) 
remains formally intact. The quantum radiative correc¬ 
tions to these observables then enter through the correc¬ 
tions in the mean field and Friedman equations, affecting 
the values of e and 5m at horizon crossing. 

In the present work, we have computed the leading 
loop order, leading order in slow-roll radiative correc¬ 
tions to the mean field and Friedmann evolution equa¬ 
tions, both in the senri-classical approach and including 
the metric scalar fluctuations. We found that the two 
give qualitatively different results, but that they both 
reduce to the same in the semi-classical limit, in the 
perturbative regime. One is however not the limit of the 
other, and away from the senri-classical limit and/or the 
perturbative regime (when the saturated values of N e g 
apply), the two calculations diverge. 

In the evaluation of the loop integrals the IR cutoff 
was related to the number of e-folds from the begin¬ 
ning of inflation by | log Air | ss N, corresponding to a 
prescription where the modes that have been outside 
the horizon for the whole duration of inflation are cut 
off. For the observed value of the scalar spectral index, 
n s < 1, we then found that the IR contributions grow 
exponentially large for N > N sat = l/\n s — 1|, signalling 
the breakdown of perturbative expansion and calling for 
a non-perturbative resummation. Such a Hartree re¬ 
summation in the SC approach was carried out in a 
and similar studies using the non-perturbative stochas¬ 
tic approximation [Ill, Ell EH El, l29j indicate that for 
large N the loop contributions indeed saturate after lin¬ 
ear growth (as a function of N) to a value depending 
on the model. In order to carry out such a resummation 
program for the full coupled system including the metric 
perturbations, one would have to expand the Lagrangian 
at least to cubic order in fluctuations. 

To be able to estimate the size of quantum radia¬ 
tive corrections for realistic models in the present work, 


we assumed that the true non-perturbative saturation 
value for the loop contributions would be determined 
approximately by extrapolating the linear growth un¬ 
til the breaking point (N ~ N sat ). Interestingly, we 
found that for large-field inflation models considered in 
Sections IVI Al and I VI Cl there is no window where the 
semi-classical approach is a good approximation, since 
the non-SC H/AI p i-suppressed terms dominate over the 
SC corrections. In addition, these radiative corrections 
are very small for realistic values of the couplings due to 
the CMB normalisation constraint. 

On the other hand, for the small-field model of Section 
IVI ESI the SC corrections dominate over the non-SC ones 
by virtue of <j) -C M p \ and therefore in this case the SC 
approach provides a solid approximation between the 
full calculation including the metric scalar perturbations 
and the classical tree-level calculation. However, also in 
this case the quantum radiative corrections are tiny for 
realistic values of parameters. 

In more general theories, where the couplings are not 
all forced to be small to allow for inflation (multiple 
field models, curvaton models, ...), the overall size of ra¬ 
diative corrections may not be negligible, and our work 
suggests that using the SC approach does not in gen¬ 
eral provide the semiclassical limit of the complete cal¬ 
culation. Resolving IR issues through resummations in 
the former does therefore not imply a solid approxima¬ 
tion to the latter, unless deep in the semi-classical limit. 
By choosing the gauge appropriately, only the fluctua¬ 
tions of one field need mix with the metric perturbations, 
and additional fields may therefore explicitly be treated 
semi-classically, in the sense described here. This is the 
subject of ongoing work. At this point, the prudent ap¬ 
proach to IR artefacts seems to be resummation in the 
complete calculation; this means including diagrams to 
all orders in the couplings, where also tensor perturba¬ 
tion may play a role. 
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Appendix A: Quadratic action in the Newtonian 
gauge 

In the Newtonian gauge E = B = 0 the quadratic 
action (up to second order in the fluctuations {6<p, A, 
ip}) is given by 

S = S g + S rf> , (Al) 
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where the part involving the scalar field can be written 
as (in conformal time 77 , dt = a(tj)dr], derivatives denoted 
by') 


c _ c(0) 1 c(l) 1 c( 2 ) 

_ D c/> + > 


with 

S ^ = J d 3 xdria 2 
S $ ] [<t>, 9^\ = 


-if u d tl <j)d u (t) - a 2 V[4>] 


(A2) 

(A3) 


d 3 x drj a 2 (A - 3ip) ( ^-rf v (5^) (<%</>) - a 2 V[4>\ 


~A(d 0 (j))(d 0 (l)) + (r/'" {d,j8<j)){d v <jj) - 5(j)a 2 V^[ 


[0, 9^] = 

f d 3 x drj a 2 f-^--3A^+^f]x 


(A4) 


We insert the perturbed metric Eq. © in Newtonian 
gauge and compute the Christoffel symbols, Ricci tensor, 

Ricci scalar. These are then combined into 

a 2 E$ = 3U 2 (1-2A + 4A 2 ) + 2(1 + 4V>)V 2 f/> + 3(V^) 2 

-3VV’VA + 3 (/ - 2 n- 4 tpn + 4 HA) /, (B2) 

E] = (m' + H 2 - 8 - All)’ - AA'\ - ifi'ty' + 2A'] 

-2'0"[1 + 2(V> - A)] + 4[2H' + H 2 ]A 2 - 2 H(A' + 2/) 
-2(2 W + n 2 )A + V 2 C0 - A) - 2(t/> - A)V 2 A 

+3V^VA + (VA) 2 + A^V 2 ip + 2(V^) 2 j 5) 

-[(1 + 2 ip)(ip - A) ti j - A'iipj - Ajip ti + 2 
-\-3iJ }-{- AjAi 2AA jjJ . 


(B3) 


(<%</>) - a 2 ^[</*] 


The energy momentum tensor is calculated by inserting 
the perturbed metric and 


+2A 2 (a 0 ^)(9o<^) - Ad 0 54>d 0 (j) - A(A - 3V>)(5o0)(5 o 0) 
+(A - 3 ■ip)(Tf v (d,j,8<j>)(d v $) - ^a 2 F^[^]) 




(B4) 


V[<t>] = V[$\ + 8</>V[$\ t4> + -<^ 2 V[^U (B5) 


(A5) 


while the strictly gravitational part is given by 

S g = sW + S«+Sf), (A6) 

with 


S$> = r^Q J d 3 xdr ] a 2 6(U , + U 2 ), 


(A7) 


9(1) = _!_ 

9r 16t tG 


d 3 xdija 2 -6H 2 A + 6 iP{2H' + H 2 ) 


(A8) 


into the expression 

T* = <t>’»<j>, v - - V&}] 6£. (B6) 

This gives 

a 2 T 0 ° = i^' 2 + a 2 V[(j)\ - 4> ,2 A{1 - 2 A) + ^'<ty'( 1 - 2A) 

+50 a 2 V^, +-50' 2 + — (V<50) 2 + — 8(j) 2 a 2 V 
a 2 Tj = (- i^' 2 + a 2 V[0] + 0 ,2 A(1 - 2 A) - 0'50'( 1 - 2A) 


9 ( 2 ) __ 

sr 16 ttG 


d 3 xdr]a 2 — 60' 2 — 12'H(A + 0)0' 
-9ft 2 (A + 0) 2 -20,4(2^-^) 


+50a 2 V 0 - i^' 2 + i(V<50) 2 + Uct> 2 a 2 V H )«5; 


-50,i50,j, 


0 

(B7) 


(A9) 


Appendix B: Equations of motion 


Variation of the action w.r.t a generel metric leads to 
the Einstein equation 


K=K- \KR = 87T GT 


(Bl) 


with the linear equation El for the fluctuation 8cj>. To 
linear order in perturbations, the i 7 ^ j component of 
the energy momentum tensor vanishes. Equating this 
to the expression for Ej i 7 ^ j, also to linear order, we 
conclude that A = ifi . We note that when we later take 
vacuum expectation values of the equations, terms linear 
in the perturbations will vanish. Inserting the perturbed 
metric and splitting the field into a background value 
</> and a fluctuation, 8<j> we get the following result to 
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following: 
1 


(V>> + 1p1p') = -dr,{lp 2 ), 


1 


{ip" ip + ipip") = —'HSdni'tp 2 ) - 2 T-L 2 (5 - e)(ip 2 ) + (ipV 2 ip), 
\{ip"ip' + ip'ip") = - 2 H6(ip' 2 ) - n 2 (6 - e)d v (ip 2 ) + ^dr,(ipV 2 ip), 

\W"1> + W") = - [(Hsy - 2 n 2 s 2 + n 2 (s - c )] d v {ip 2 ) 

+ \dr,{ipv 2 ip) - 2 H5(ipv 2 ip) 


- 2 


(H 2 (6-e))'-2H 3 6(S-e)] (ip 2 ), 


second order 

{a- 2 V^~ga 2 g^d v cp) + = 0 

=► 4>" + + a 2 v 4 $) = —Q(p"ip 2 

-l2<p'[2Hip + ip']ip + 8<p"iip + 4[27 -bp + ip']8<p' 

+2ip 2 a 2 V^ + 2W<Pa 2 V M - \s<p 2 a 2 V m . 

(B 8 ) 

In total we obtain the set of equations (I13H16I) for the 
gravitational fluctuations at linear order. Finally, com¬ 
puting the ° Einstein equation to first order gives the 
following relation 

ip 1 + HA = 4jvG<p'6<p. (B9) 

Inserting slow roll parameters and writing terms 
quadratic in the perturbation in terms of Co, C I 2 ,C I 4 as 
described in appendix [C] enables us to combine the Ein¬ 
stein equations to (4.3) and (4.4) and write the field 
equation as (4.1). 


Appendix C: Correlator relations 

The equations of motion in Appendix [B] include terms 
linear and quadratic in the fluctuations ip, and through 
constraint relations, A and 5(p. Taking the quantum 
expectation of these equations in the vacuum state, the 
linear terms in fluctuations vanish, by the definition of 
the separation into <p + 8<p, and g^ and A, ip, E, B. At 
quadratic order, we define the expectation values to be 
the symmetric ones, so that for instance 

(V’V) \{ip'ip + ipip'), 

(ip"ip) —¥ ]-(ip"ip + ipip"), 

(Cl) 

with the understanding that all correlators are equal¬ 
time and -space, with this limit to be taken after any 
differentiation is performed. By taking further time- 
derivatives and using the mode equation (1361) we find 
the following relations, which will be useful to us in the 


(ip" 2 ) = 4H 2 6 2 {iP' 2 ) + 4 H 3 5(8 - e)d v (ip 2 ) 

+ m 4 (8 - e) 2 (ip 2 ),-2H5d ri (ipV 2 ip) 

- m 2 {5 - e){ipV 2 ip) + (ipV*ip) . 

(C2) 

By these relations we can express all the loop contribu¬ 
tions in the background equations of motion in terms of 
Co = (ip 2 ), C 2 = ( 1 />V 2 t/>) and C 4 = ( ipV 4 ip ) given by 
Eqs. (14111431) and their 77 -derivatives. 


Appendix D: Commutation relations 

In this section we present the equal-time commuta¬ 
tion relations for ip, Sep and their conjugate momenta 
H,;), n^. Using (12611291) we get by a straightforward cal¬ 
culation: |f] 

[ip(x),ip(y)] = [n v ,(x),n v ,(y)] = 0, 

[7/>(x),n v ,(y<5 3 (x — y), (Dl) 


[6(p(x),8(p( y)] = [n 50 (x),n 5 0 (y)] = 0 , 

N(x), IMy)] = i ^1 - ) ^ 3 ( x - y). ( D2 ) 


Identical commutation relations would have been recovered by 
including all four constraints xi,..., \4 in the (4 x 4) constraint 
matrix Cij. 
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and 


to get 


[^(x), 50(y)] = -i 4 ^t ^ 3 ( x - y)> 
a y x 

[n v ,(x),n 50 (y)] = -i3a 2 (& + 3n ^ ^ ^ V,<? )5 3 (x- y), 


/ KIR dx |id (1) (^)| 2 - 22lT2 ( y ) ( k i-2k _ A 1-21 ") 

/ - 7r 2 (1 _ 2i ,) A m ) 


[^(x),n^(y)] = i 


,4t tG (3 He/)'+ a 2 V^) 


V 2 

v T 


<u( x - y), 


;3^' 3, 


[50(x),II^(y)] = -i-= 2 -<S d (x-y), 

V -r 


(D3) 


'Air 

2 

7T 


2(5 - 2e) 


7T 2 (1 — 2u) 

— 2 ^ 1°§ ^ ^1 — A 2 R 4e ^ + log kir 


0(e,6). 


(E6) 


For the intermediate-momentum contribution we may 
set e, 5 -» 0 and use 


where we have suppressed the (equal) time arguments of 
the fields. The various commutation relations involving 
5<f> can also be obtained by solving 5<j> and II^ from 
the constraints X3 an( l X 2 and using Eqs. dED for the 
commutation relations of ip and 11^ and therefore the 
commutation algebra (ID2I - ID3I) is consistent with all the 
constraints. 


Appendix E: Calculation of one-loop correlators 

To evaluate the one-loop integral (HU1) 


»’> = / 


d 3 k 

(2 W 


l/ k | 2 = 


en 2 


/■A UV 


167rM 2 a 2 ,/ Air 


dx\H^ {—x)\ 


(El) 


( 1 2) 

we notice that the Hankel functions Hi ' (x) have a 
branch cut along the negative real axis x < 0 and 
here we pick the branch by the relation Hj) 2 \e~ ln x) = 
e™ 1 'H^\x) such that for x > 0 


\Hl 2 \-x)\ 2 = \Hl 1 \x)\ 


(E2) 


We then separate the momentum integration in Eq. m 
in three parts: 
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(E4) 


The low-momentum (IR) part of the loop integral can 
be evaluated by using the x —> 0 asymptotic expansion 
of the Hankel function: 

H?\x) = -i(~) — +0{x v ), (E5) 

\X J 7T 


H 1 / 2 ( X ) *V7TX e ’ 


(E7) 


to get 

/* K UV 


IR 


dx \ H^\x)\ =- log Kuv - log Kir +0(e,S). 

(E8) 

Finally, Using the large-|x| asymptotic expansion: 

(1 + i) (v 2 - 1/4) 


Hl 1 \x) = - 


eK 00 - 2 ^) 


(1 ~i) + 


(1 — i) (9 — 40 v 2 + 16i/ 4 ) 


128x 2 


2x 

+ 0(x~ 7/2 ), 

(E9) 


we get for the high-momentum (UV) part 


Auv 


dx\Hl 1 \x)\ 2 = — log A uv - log kuv +0(e,6). 

7r 

(E10) 


By combining these expressions we get for the loop in¬ 
tegral (IE1D in total 
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eH 2 
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Similarly, we get for the k 2 -loop: 
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and for the k 4 -loop: 


and we also have the relation 
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Appendix F: Correlators in the semi-classical 
approach 

In the semi-classical approach the mode functions are 
given by CZED- Computing the analog of the Co ,2 corre¬ 
lators, we find (see section UlI Cl for the notation) 


C n = / J^4r|/ik| 2 = 
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